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BADLY APPROXIMABLE 5-NUMBERS 
AND ABSOLUTE SCHMIDT GAMES 


DMITRY KLEINBOCK AND TUE LY 

Abstract. Let K be a number field, let S be the set of all normalized, non-conjugate Archimedean 
valuations of K, and let Ks = U[ K v be the Minkowski space associated with K. We strengthen 

v£S 

recent results of 1ESK10I and IEGL13| by showing that the set of badly approximable elements of 
Ks is "H-absolute winning for a certain family of subspaces of Ks- 
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1. Introduction 

In the classical theory of Diophantine approximation, a number x € R is called badly approximable 
if there exists c = c x > 0 such that for every p € Z, 

pc c 

x -> —z, or equivalently, \qx — p\ > -. (1.1) 

q q 2 ‘ q 

The set of badly approximable numbers is small in that its Lebesgue measure is 0. Nevertheless, 
this set is thick, which means that its intersection with any open set in M has full Hausdorff 
dimension. In fact, the intersection of any countable collection of translations of this set is still 
thick. This remarkable result was first proved by W. Schmidt ISch66j by showing that the set of 
badly approximable numbers is a winning set of an infinite topological game, which will be called 
Schmidt game. In Schmidt game, two players (Alice and Bob) alternatively choosing nested balls 
and Alice’s goal is to steer the intersection point to the target set, which is called a winning set of 
the game if Alice has a winning strategy (see S3D- Inspired by Schmidt, C. McMullen [McMlOj 
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introduced a variation of Schmidt game, in which Alice can only delete neighborhoods of points, and 
proved that the set of badly approximable numbers is winning on this game. McMullen’s version 
of the game is called absolute game , and its winning sets are called absolute winning. Absolute 
winning is a stronger property than winning and is preserved by quasi-symmetric maps (see 114.211 . 

Our goal is to generalize the above results into the setting of algebraic number fields. To be more 
precise, let K be a number field of degree d and let S be the set of all normalized, non-conjugate 
Archimedean valuations of K. If v is an element of S, the corresponding embedding of K into its 
completion K v is denoted by i v . We will replace M by the Minkowski space associated with A', 
defined by: 

k s -= IJ ^ ®q M - Rd ; ( L2 ) 

ves 

elements x = (x v ) v ^g € Kg will be referred to as S-numbers. The diagonal embedding of K into 
Kg is denoted by Lg: 

tg : K Kg,r H- (t v (r)) veS . 

We also equip Kg with the A', 9 -valued inner product: 

x ■ y = (x v y v ) veS 

and the sup norm 

llxll = maxlxj 
vGS 

for every x = ( x v ) v& g and y = (y v ) ve g in Kg. 

We let O be the ring of integers of A; note that tg(0) is a lattice in Kg. 

Following }EGL13] . we will say that x £ Kg is badly approximable if there exists c > 0 such that 
for every p £ O, q £ O \ { 0 }: 

IM<?) • x + is(p)|| = max| L v (q)x v + c v (p)\ > cl max|^(g)| ) = c||i S (g)|| _1 . (1.3) 

ves \ves j 

or equivalently, 

inf{|Mg)|| • |M<?) • x + t s (p)|| :p,qeO, (p,q) / 0} > 0. (1.4) 

Let us denote the set of badly approximable S'-numbers by BA/<-. In particular, when K = 
Q, E3D is the same as ED, and we come back to the classical case. Measure-wise, BA/f is 
small, that is, it can be shown to have Lebesgue measure zero, see [EGL13] or Remark 12.71 below. 
Explicit examples of badly approximable S’-numbers for arbitrary number held K were constructed 
by Burger | !Bur92j . and when K is real quadratic or totally complex quartic, Hattori jHat07| showed 
that BAx is uncountable. Note that those authors used different definitions of badly approximable 
numbers, but their examples in fact belong to BA^. The first result regarding the winning property 
of BA^ beyond the classical case was proved by Esdahl-Schou and Kristensen in [ESKlOj as follows: 

Theorem 1.1 f [ESKlOl Lemma 4]). Let K be an imaginary quadratic number field with class 
number 1, i.e., K = Q(y/—D), where D £ {1,2,3,7,11,19,43,67,163}, and Y C C = Kg be a 
compact set supporting an Ahlfors regular measure fi. Then BA/ ( - n Y is winning for the Schmidt 
game playing on Y. 

We recall that p is said to be Ahlfors regular if there exist constants a, b , 5, ro > 0 such that for 
any z £ Y and any 0 < r < ro, 

ar 5 < /i(B (z,r)) < br S , (1.5) 

where B (z, r) is the closed ball centered at z of radius r. It follows that Y = supp p has Hausdorff 
dimension <5, and one knows, see e.g. [ESKlOl Lemma 3], that any subset of Y which winning on 
Y is thick. 

A few years later, Einsiedler et al. [EGL13j considered an arbitrary number held K and showed 
that the intersections of BA^ with certain smooth curves in Kg are winning. The following 
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notation is needed to state their result: for a subset X C S, denote by Xr and Xc the sets of 
valuations in X whose corresponding /\-completions are isomorphic to R or C respectively: 

Xr := {v € X : K v = R} and Xc := {v € X : K v = C}. 

Theorem 1.2 f |EGL13] Theorem 1.1]). Let f> ■ [0.1] — >• Kg be a continuously differentiable map. 
For any x € [0,1], define 

T(x) := {v € S : fi' v (x) 0}. 

Assume that for all but finitely many x € [0,1] we have 

#X(x)r + 2(#X(x) c )>^. 

Then 0 _ 1 (BAx) is winning, and hence BA^ fl0([0,1]) is thick in 4>([ 0,1]). 


In particular it follows that the set BA/ V ' is itself thick. The goal of this paper is to prove a 
stronger property of the set BA^-, from which the conclusions of Theorem 11.11 and Theorem 11.21 
follow. Namely, following jMcMIOl, BFK + 12 IFSU13) in SjHwe describe so-called FL-absolute game 
on a subset of a complete metric space, where TL is a collection of subsets of the space. In this 
game, compared with McMullen’s version, Alice deletes neighborhoods of sets from hi instead of 
points. Winning sets of this game are also winning for the regular Schmidt’s game, and, moreover, 
the winning properties are inherited by certain nice subsets of the ambient space. 

To state our main result we need to introduce some notation. If X is a subset of S and x e Kg, 
we let 

£(x,X) ={y£ Kg :y v = x v \/v € X} (1.6) 


be the affine subspace of Kg passing through x and orthogonal to coordinate directions correspond¬ 
ing to v € X. Then let FLk be the following family of affine subspaces: 

H k = j£(x,X) : x € #),XC 5 with #X K + 2(#T C ) > ^ j. (1.7) 

Our choice of FLk will be explained in ]j5j In particular, we will show in Proposition 15.51 that for 
any C € FLk, 

L O BA a - = 0, 


so the collection Kk is, in some sense, optimal. 
Here is our main theorem: 


Theorem 1.3. BA^ is 'H.K-O'bsolute winning. 

As a consequence of the main theorem, at the end of A4.2I we will prove the following corollary, 
which will imply Theorem 11.21 

Corollary 1.4. Let : [0,1] — » Kg be a C 1 curve such that for all but countably many x € [0,1], 
we have 

#X(x)r + 2(#X(x) c )>^. 

Then 0^ 1 (BAr-) is absolute winning. 

Moreover, notice that for any L = £(x, X) € FLk, 

dim R (X) = d- (#Xr) - 2 (#X C ) = (#(S \ X) R ) + 2(#(S \ X) c ) < d -. (1.8) 

So when d = 1,2, or when K is totally complex and d = 4, FLk consists of only points (0-dinrensional 
subspaces), and hence the %/^-absolute game coincides with the absolute game defined in [ McMIOj . 
Thus we have the following extension of McMullen’s result: 
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Corollary 1.5. If d = 1,2, or K is totally complex quartic number field, then BA^ is absolute 
winning. 

In particular, this implies that in those cases is winning for any smooth curve <j> : 

[0,1] —>• Kg, regardless of directions in which its derivative is zero. Moreover, in view of the 
inheritance property (see 44.21 for more details), we obtain the following corollary strengthening 
Theorem o 


Corollary 1.6. Let K be an imaginary quadratic number field, and Y C C = Kg be the support 
of an Ahlfors regular measure, then BA^ is absolute winning on Y. 


The structure of this paper is as follows. In ([2] we discuss the setting of Diophantine approx¬ 
imation in number fields in more details. Our main tools, the height function and Dani’s corre¬ 
spondence (Proposition 12.61) . are described in 42.21 In ]J3] we define ^-diffuse sets, and in S|4] we 
introduce Schmidt game and the ^-absolute game and derive Corollaries II. 41 and II.61 from the main 
theorem. The proof of Theorem 11.31 is given in (j5j In Appendix A, we will show that the badly 
approximable 5-numbers considered by Hattori [Hat07] are in fact the same as BAa'. And finally, 
in 


Appendix B we give the proofs of basic properties of "H-absolute winning sets. 


Acknowledgements. We thank S.G. Dani, M. Einsiedler, L. Fishman, A. Ghosh, E. Linden- 
strauss, K. Merrill and G. Tomanov for helpful discussions, and the MSRI for its hospitality during 
Spring 2015. 


2. Diophantine approximation in number fields 

2.1. Dirichlet Theorem. As in classical theory of Diophantine approximation, the justification of 
our definition of badly approximable 5-numbers (11.311 is the following version of Dirichlet’s Theorem: 

Proposition 2.1 (Strong Dirichlet Theorem). There exists a constant C = Ck > 0 depending 
only on K, such that for every x € Kg and for every Q > 0, there exists p £ O, q £ O y {0} with 

IM<?) -x + ts(p)|| < CQ -1 and |M<?)I| < Q- (2-1) 

For more notations from algebraic number theory, let us denote the local degree at v € 5 by: 

d v := [K v : Q„] = [K v : M] = 


1 , v e 5 r 

2 ,r £ 5c 


And for afO, (the absolute value of) the field norm of a is defined by: 

|iV(a)| = n M“> A 


ves 


To prove Proposition l2.il we will make use of the following (special case of) lemma of Burger [Bur92] : 

Lemma 2.2 ( (Bur92l Lemma 5.1]). Let x € Kg and for each v € S, let 0 < e v < 1 < 5 V such that 

f o \ 2(#5 C ) 

^ (-) i^'i, 


veS 


where is the discriminant of K. Then there exists p,q € O, qfi 0, satisfying 
| L v (q)x v + i v (jp )| < e v and |i„(g)| < 5 V , for all v € 5. 
Proof of Proposition \2.1\ . Let 

' 2 \ 2(#5c) \ 1/d 


c = 


(!) M ■ 
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then by applying Lemma 12.21 with 

5 V = Q and e v = CQ~ l for all v G S, 

we can find p G O, q G O \ {0} satisfying (12.11) . □ 

Theorem 2.3 (Weak Dirichlet Theorem). There is a constant C = Ck > 0 depending only on K, 
such that for every x G Kg, there are infinitely many p, q G O, q / 0 satisfying: 

IM<?) • x + cs(p)|| < C\\i v (q)\\-\ (2.2) 


Proof. Note that 

IM<?) • x + t s (p)|| = 0 <==>- x = L s(^j ■ 

If x E ig(K), then the existence of infinitely many p, q is obvious. Otherwise, for every p,q E O 
with q 0, 

\\ts{q) •x + t s (p)|| > 0. 

Moreover, for every Q > 0, 

#{q € O : \\is(q)\\ < Q} < oo. 

Hence, by letting Q —> oo and applying Proposition [2d] we can find infinitely many p, q € 0, q 0, 
such that 

IM<?) ■ x + ts(p)|| < CQ -1 < C'||ts(g)|r 1 . 

□ 


Note that x G BAj^ if and only if the constant C in (12.21) cannot be replaced by an arbitrarily 
small constant. In other words, elements of BA/^ are the witnesses of the optimality of Theorem l2.31 

Remark 2.4. 

(i) When ffS =1, ||i 5 (g)|| can be factored out from the left hand side of (12.21) : 


IM?)-x + ts(p)|| = 


I'Siq) ■ x + i s 


= IM«)II- 


x + is 


and that implies 


is equivalent to: 


x + is ( - 


<0-11^(9)11 


-2 


(2.3) 


In particular for this case, x G BA^ if and only if there exists c > 0 such that for all p G O, 
q & O ^ { 0 }, 


x + cs 


> c|M<?)|| 


-2 


(2.4) 


So for I\ = Q, (12.41) is exactly (ED; and for K as in Theorem EU this is the definition 
used in [ESK10| . 

(ii) In |Hat07| . (12. 4p is used to define badly approximable numbers when K is real quadratic 
or totally complex quartic. In fact, it can be shown that in this case (12.41) is equivalent 

to (11.31) . 
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2.2. Dani Correspondence and the height function. By abusing notation, we let the diagonal 
embedding bg : AT —>• Kg be extended to matrices bg : M m _ n (K) —>• M m , n (Kg) by 

( L s(A)) i j = ig(Aij) for A = (Aij) E M mjn (K). 

We also extend the sup norm in Kg to Kg: 

'Zl 


|z|| = max|||zi||, ||z 2 | 
-2 


where z = 


Z2 


€ Kl 


Also note that a Ag-vector z E Kg can be viewed in two ways: 

E Kg or z = (z v ) veS E JJ K 2 . 


z = 


veS 


By abusing notation again, we also use ||-|| for the sup norm in A', 2 . In particular, 


|z|| = maxf||zi||, 11 Z 21 |/ = max||,z„| 

ueS 


We let K act naturally on Kg by: 


/«(„). Zl \ 

US (a) • z 2 / 


for a E K, z E Kg. 


(2.5) 


Let G = SL 2 (AT 5 ) = SL 2 (it„), then T = ts(SL 2 (G)) is a lattice in G, and we denote the 

ve S 

homogeneous space G/T by Xk- The isomorphism Kg = U. d induces an embedding SL 2 (Kg) 
SL 2 ,i(M). Hence, Xk can be identified with a proper subset of the space SL 2 ^(]R)/SL 2 ^(Z) of 
unimodular lattices in R 2d . Via the map: 5 T i-A ig(g)0 2 , an element A E Xk can be identified 
with a discrete free rank 2 G-module of Kg having a basis {x, y} such that for every v € S, { x v , y v } 
forms a parallelepiped of area 1 in K 2 (see Section 2 of |EGL13] for more details). 

Following the ideas of Dani, the space Xk was used in |EGL13| to give an alternative description 
of badly approximable S'-numbers. Let us associate each x E Kg with the lattice A x = u x r E Xk , 
where u x € G is defined by: 

1 


(Vx)u — 

Also, for each t E M, we define gt E G by: 

idt)v = 


— t 


( 2 . 6 ) 

(2.7) 


It is shown in [EGL131 Proposition 3.1] that 

x E BAx the orbit {g t A x : t > 0} is bounded in Xk- (2-8) 

In I\g, there is a height function more suitable for our needs than ||-||, which can be thought as a 


natural extension of the field norm in K. For a vector z = 
to be: 

X zi 


€ Kg, we define the height of z 


h (z) = H ( Z M ; = =nn*i 

^ 7 veS ves 

We also use the same notation H(-) to define the height on I\g similar to 


(2.9) 


In particular, if a € AT then 


H(x) := H\x v \ dv for x E Kg. 
vGS 

|A(a)|=H(r s (a)). 
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The following lemma gives an important property of the height function under the action of the 
group of units O x : 

Lemma 2.5 ( |EGL13i Lemma 2.4]). There exists a constant C > 1 depending only on K such that 
if H(z) ^ 0 then there exists a unit £ G O x satisfying: 

C _ 1 H(z)3 < |M£KII < CH(z)3 for all v & S. (2.10) 

Note that just as in [ KT031 Lemma 5.10], this relation holds for higher dimensions and a more 
general S with a suitable extension of the height function. 

This height function provides a way to measure the size of a lattice in Kg. Namely, let us define 

5h{ A) = min{H(z) : z G A \ {0}}. (2-11) 

Using the above lemma, it is shown in K('il. 13 . Proposition 2.5] that a subset A C Xx is 
relatively compact if and only if inf{5# (A) : A G A} > 0. Combining it with (|2.8I) . we arrive at 

Proposition 2.6 ( [EGL13] ). 

x G BA k inf {5 H (gtA x ) : t > 0} > 0. 

Remark 2.7. Applying Moore’s Ergodic Theorem and arguing similar to ] Dan851. Section 2] 
or |KM99 . Theorem 8.7], it can be deduced from Proposition 12.61 that BAk has Lebesgue measure 
zero. 


3. "H-DIFFUSE sets 


Before discussing the modification of Schmid t’s game needed for our purposes, in this section we 
survey the notion of diffuseness introduced in jBFK + 12 in order to describe sets which can serve 
as nice playgrounds for those games. 

Let ( X , dist) be a complete metric space. Each pair B = ( x , p), where x G X and p > 0, is called 
a formal ball in X, and we denote corresponding closed ball in X by: 

B(-B) = B (x,p) :={y £ X : dist (x,y) < p}. 

More generally, if £ is a subset of X and p > 0, we denote by £ ( ' p> the p-neighborhood of C: 

£ l ' p ' 1 := {x G X : dist(x,£) < p}. 

The projection maps from X x M>o to the first and second factors are denoted by c and r 
respectively: 

c(x,p) = x and r(x,p) = p for ( x,p ) G ATxR>o. 

We define a partial order A on the set X X M>o of formal balls: 

B\<B 2 dist(c(-Bi),c(-B 2 )) < r(B- 2 ) — r{B{). 

In particular, B\ A B 2 implies B(Bi) C B(B 2 ), but the converse might not hold in general. Notice 
that if X is a real Banach space, then B (B) is uniquely determined by B, but in general, there 
might exist B\ ^ B 2 such that B(P>i) = B (B 2 ). For instance, we can easily find such B' s when X 
is the Cantor set with the induced metric from M. 

Now let hi be a. non-empty collection of closed subsets of X, and pick 0 < f3 < 1. Following 


BFK + 12j. we say that a subset Y C X is (Tl, (3)-diffuse if for every x G Y, there exists p x > 0 
such that for any ( y,p ) G Y xK>o with (y,p) A (x,p x ), and for any £ G hi: 

Fn(B( W )\£<W)^0. (3.1) 

Note that (hi, /?)-diffuseness implies (H, /^j-diffuseness for any 0 < /3' < f3. Y is said to be hi-diffuse 
if it is ("H,/3)-diffuse for some 0 < /3 < 1. 


Remark 3.1. 
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(i) Our definition of diffuse sets is slightly weaker than the definition used in [BFK + 12 
they required p x to be uniformly bounded below for all x € Y. 


in that 


(ii) The constant p x at first seems to depend also on (3, but notice that if p x works of (3, it also 
works for any 0 < (3 1 < (3. 

In the set-up of jBFK + 12i ] X = R d with the Euclidean metric, and the collection Pi consisted of 
all L-dimensional affine subspaces of M. d , and the corresponding property was called k-dimensional 
diffuseness. Many examples of £:-dimensionally diffuse sets were exhibited there. For example, it is 
clear that any m-dimensional smooth submanifold of M d is fc-dimensionally diffuse whenever m> k. 
Also if p is_ an absolutely decaying measure on R d (see [ KLW041 1PV05 ] for definition) then, as 
shown in BFK + 12 Proposition 5.1] supp p is ^-dimensionally diffuse for all 1 < k < d). 

The following two examples of diffuse sets will be used in the proofs of Corollaries 11.41 and 11.61 in 
the next section: 


Example 3.2. For an arbitrary metric space X, let Pi = {{x} : x € X} and let Y = supp p be the 
support of an Ahlfors regular measure p on X (see (11.51) for the definition); then Y is LLdiffuse. 


To see this, for every 0 < (3 < 


/a\ 1 / (5 
\b) 


, (y, p) € X xR>o with p < ro, and x € A, write 


M B (y,p) \ B (x,fip)) > ap d - b(/3p) s > 0. 


In particular, Y n (B (y,p) y B (x,/3p)) 0 ; that is, (13.11) holds. 


Proposition 3.3. Let S be a closed set of linear subspaces in M n , and let 

Pi = {£ + x:jLe S,x e 1"}. 

If f : [0,1] —» M n is an injective C 1 map such that the curve </>([0,1]) is not tangent to any affine 
subspace in H, then cj>([0, 1]) is 'H-diffuse. 

Proof. For every C € 5, let 7 T£x : M n —> C,^ be the projection onto its orthogonal complement. Let 

a= min — C - — , b= max II dfit) II and c= min |U , (t)||. 

0<t<l \W(t)\\ 0<t<i l|rw|1 0<t<i" 11 

C£S 

Note that a > 0 by the non-tangency and compactness of S. In particular, for every 0 < t < 1 and 
CeS: 

\\(tt c ± o <f>)'(t )|| > ac. 

For every x € </>([0, 1]), we denote tg = 0 _1 (x). For an arbitrary x € </>([0, 1)) (the proof is similar 
at the other endpoint), we let pg> 0 be sufficiently small such that 

<9B (x,p s ) n<l>((tg, 1)) 0 ; 

and for y, z € B(.x, pg) and for every £ G S: 

hc^iv- f)ll > ac 

| ty~tz\ ~ 2 ’ 
dc 

Let 0 < (3 < -=, and (y,p) € </>([0, l])xl>o be arbitrary with (y,p) £ (x,pg). Let 

4 bffn 

t 0 = min cf- 1 (<9B(y, p) n [%, 1]) = min{t > t$ : || (j>{t) - y\\ = p). 

Let C + z € H be arbitrary. For any 0 < ti < t 2 < 1 such that 4>(ti), (ffa) € B(y, p) D (C + z)^ p \ 
the arclength of <f([ti,t 2 }) is: 

l{(f([ti,t2})) = [ \/Vi(t)| 2 + ... + K(i)| 2 dt 
< |*2 - ti\ ■ bffn 
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< — \\ir c ±(^(t 2 ) ~ (/>(ti))\\ • b^/n 

< ^ • 2/3/9 • Vn< p<l ( fifty , to])) • 


^ 0 . 


In particular, for any £ + z £ PL: 

^([0, 1 ]) n (B (y,p)^(£ + z)^' 

This shows that </>([0,1]) is ^/-diffuse. 

We close the section with the following useful property of diffuse sets: 


□ 


Lemma 3.4. If Y is {PL, /3) - diffuse, then for any 0 < /3* < 


P 


2 + P 


, x £ Y, ( y , p) £ Y X M>q with 


(y,p) A (x,p x ), and any C £ PL, there exists z £ Y tl B (y,p) with 

( z,/3'p ) ^ (y,p) and dist(z,£) > 2/3'p. (3-2) 

Proof. The proof is identical to the proof of |BFK + ~12l Lemma 4.3] which stated the same result in 


the fc-dimensional diffuseness set-up. It is sufficient to prove the lemma for (3 = 


P 


2 + (3 


< j3. Since 


{y, (1 - P')p) ■< ( y,P ) ^ (x,p x ), there exists 

z G Y n (b (y, (1 - (3')p) \ £(/3(i -P')p)^ = y n (B (y, (1 - f3')p) \ £ (2/3 ' rf ). 
Thus (13.21) holds. 


□ 


4. Schmidt game and its variants 

4.1. Schmidt’s (a, /3)-game. In |Sch 66 | . W. Schmidt introduced an infinite game between two 
players, called Alice and Bob, which has been shown to be a powerful tool in Diophantine approxi¬ 
mation. The setup of Schmidt’s game requires the followings: 

(1) The playground is a complete metric space (X, dist). 

(2) Two real numbers a,/3, with 0 < a, /3 < 1, are parameters associated with Alice and Bob 
respectively. 

(3) A subset W C X is Alice’s target set. 

The game proceeds by Alice and Bob alternatively picking B\, A\, B 2 , A 2 ,... with A n ,B n £ 
X x M>o satisfying: 

(51) Bn s are Bob’s choices, A n ’s are Alice choices. 

(52) r(A n ) = ar(B n ) and A n A B n for all n > 1. 

(53) r(B n ) = /3r(A n -i) and B n+ 1 A A n for all n > 2. 

In particular, the result of a play forms a nested sequence of closed balls: 

B(£i) D B(A X ) D B(B 2 ) D B(A 2 ) D ... 

Since X is complete, and the radii lim r(A n ) = lim r(B n ) = 0, their intersection is a point, 

n—> 00 n —>00 

denoted by x^: 

OO OO 

n b (^-)=n b ( b -)=K o}. 

n =1 n =1 

If Alice has a strategy that guarantees Xqo £ W regardless of what Bob does, then we say that W 
is (a, (3) -winning. If W is (a, f3)- winning for every 0 < (3 < 1, then it is called a-winning. And 
finally, W is called winning if it is a-winning for some 0 < a < 1. 

Schmidt showed that winning sets have remarkable properties: 


Lemma 4.1 ( jSch 66 i| ). 
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(i) If X = M n then winning sets are thick. 

(ii) A countable intersection of a-winning sets is again a-winning. 

(iii) IfW is a-winning and <f> : X X is bi-Lipschitz, then <f(W) is a'-winning, with a' depends 
on a and the bi-Lipschitz constant of f>. 


4.2. "H-absolute game on "H-diffuse sets. Generalizing the ideas of the absolu te g ame of Mc¬ 


Mullen jMcMIOj and the ^-dimensional absolute game of Broderick et al. BFK + 12 , Fishman, 


Simmons and Urbanski |FSU13| introduced the B-absolute game which we will describe as follows. 

Let ( X , dist) be a complete metric space, let Jibe a, non-empty collection of closed subsets of X, 
and pick 0 < /3 < 1. For a non-empty closed subset Y C X, Alice and Bob play the H- absolute game 
on Y by alternatively choosing an infinite sequence B\, A\, B 2 , A 2 , ■■■ satisfying the rules below: 


(HI) Bob chooses B n = ( c n ,r n ) E 7xl>o. 

(H2) Alice chooses A n = ( C n ,p n ) E %xM >0 with 0 < p n < /3r n . 

(H3) (5r n < r n+1 < r n and B n+1 A B n . 

(H4) dist(c n+ i, C n ) > p n + r n+ i. 

(H5) If at some point of the game, Bob has no choices B n+ \ E LxK>o satisfying |(H3)| and |(H4)[ 
then Bob wins, and the game is terminated. 

In particular, conditions |(H3)] and [(H4)| imply that B(R n +i) C B (B n ) \ Hence, we can 

think of Alice’s move as deleting a neighborhood of a closed subset £ in B. 


Remark 4.2. As a convention, the only neighborhood of the empty set is the empty set itself, and 
the distance from any point of X to the empty set is infinite. Hence, the empty set, if in B, can 
be considered as a ‘dummy move’ for Alice. 

A set W C X is said to be [B, ft)-absolute winning on Y if Alice has a strategy to ensure that 
at every stage of the game, Bob always has at least one choice, and: 

OO 

wnYn p| b (B n ) + 0 

n —1 

regardless of Bob’s strategy. We will say that W is B-absolute winning on Y if there exists /?o > 0 
such that W is (B, /3)-absolute winning on Y for all 0 < /3 < /?o- 

Remark 4.3. When Y = X we will drop ‘on Y' and simply say that W is (B, /3)-absolute winning 
and %-absolute winning accordingly. 


Remark 4.4. It is clear from the rules of the game that for any collection Ji, if W C X is 7i- 
absolute winning on Y, then W n Y is dense in Y with the subspace topology, since that implies 
W (~l Y FI B(£>i ) / 0 for arbitrary B\. 


Example 4.5. 

(i) When Ji = { {x} : x E X} is the set of singletons in X, the %-absolute game is the absolute 
game considered by McMullen (McMlfl) . 

(ii) When X = M. d and 7i is the collection of fc-dimensional affine subspaces in R d , we get the 


^-dimensional absolute game of Broderick et al [BFK + 12 . See also [BFS131 INS 141IKW15I 
IAGK15j for other appearances of games of this type. 


The degenerate case when Alice’s moves leave Bob without any legitimate choice at som e po int 
of the game can be avoided when X = Y = M n by restricting 0</3<l/3asin [McMlfll lBFK + 12] . 
For the Axdimensional absolute game playing on a subset Y of M n , Broderick et al. [BFK + 12] showed 
that the fc-dimensional diffuseness of Y is a sufficient condition for the game to last infinitely. More 
generally, Lemma 13.41 essentially taken from }BFK + 12] , makes sure that Bob always has legitimate 
moves in the 'H-absolute game played on Y if Y is "H-diffuse, allowing us to ignore condition |(H5)[ 
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Remark 4.6. By Lemma 13.41 to show that W is ^-absolute winning on an Tt-diffuse set Y, 
it suffices to assume that r(B n ) —>• 0. So by rearranging the indices, it suffices to assume that 
Pc(Bi) = t(Ri). So if B i = (x,p) E Yx M>o be Bob’s arbitrary first move, then r(Bjy) < p x for all 
N sufficiently large. By rearranging the indices, we can assume that the p c {B x ) = p x = r{B{). 


We now list various properties of "H-absolute winning sets, 
lined, their proofs are postponed until Appendix B 


To make the exposition more strearn- 


The next lemma shows that a set ^-absolute winning on an "H-diffuse set will be absolute winning 
for all reasonable /3’s: 


Lemma 4.7. If W is B-absolute winning on Y and Y is (B, (3) -diffuse, then W is (B, f3')- absolute 


winning on Y for all 0 < (3 < 


P 


Proof. See <1B.1I 


□ 


Using the above lemma, we can derive that Tt-absolute winning on 'H-diffuse set implies winning 
in Schmidt’s sense: 


Proposition 4.8. If W is B-absolute winning on Y, and Y is (B, f3)- diffuse, then W n Y is 
2 + p -winning when we play Schmidt game on Y equipped with the induced metric. 


Proof. See □ 

Following Schmidt’s idea, we will show that 7f-absolute winning sets possess countable intersec¬ 
tion property: 


Proposition 4.9. Let Y be an (B, f3)-diffuse set. Then a countable intersection of sets B-absolute 
winning on Y is also B-absolute winning on Y. 

Proof. See fJEU □ 

An easy consequence of the countable intersection property is that the %-absolute winning 
property remains if we discard a countable number of removable points from the target set: 


Proposition 4.10. Let Y be an B-diffuse set, W be an B-absolute winning on Y, and Z C 

W n (^J (C n Y) is countable. Then W \ Z is B-absolute winning on Y. 

C&H 

Proof. See gE3 □ 

Probably the most import ance p roperty of diffuse sets is the inheritance property whose proof 
is verbatim to the proof of [BFK + 12, Proposition 4.9] for the £>dimensional absolute game: 

Proposition 4.11 (fBFK + 12!, Proposition 4.9]). IfY C Z are both B-diffuse and W is B-absolute 
winning on Z, then W is also B-absolute winning on Y. 

In the proof of Theorem El we will use a version of the "H-absolute game, in which Alice is 
allowed to choose N closed subsets C\, ...,Cn 'mB in each move: 

/ n \ 


An — 


U A,/9 


\i=l 


for a fixed N > 1. Let 


_ 


” N ^ 

(J Li : Ci EB for 1 < i < N l. 
,4=1 J 


We will show that this change in the rule won’t affect the class of 'H-absolute winning sets: 
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Proposition 4.12. Assume that Y is P-diffuse, and let W C X. Then the followings are equiva¬ 
lent: 

(i) W is P-absolute winning on Y. 

(ii) W is P* N -absolute winning on Y. 

Proof. See JEU □ 


Remark 4.13. Technically speaking, a strategy for Alice in the game described above will have 
to take all the previous moves in consideration. Nevertheless, it follows from [Sch 66 l Theorem 7] 
that for a general topological infinite game of two players, including both games described in 114.11 
and 1)4.21 if Alice is winning then there exists a winning strategy for Alice that only takes Bob’s 
immediately preceding move into account. Such strategy is called a positional winning strategy , and 
for our interest in the case of the "H-absolute game, it can be defined as a function a : Y x M>o —>• 
B x M>q satisfying: 


(i) For any B n E Y x M>q, A n = a(B n ) satisfies (H2) 


(ii) For any sequence B\, A\ = a(B i), B 2 , A 2 = (x(L> 2 );... satisfying (HI) (H4), Bob always has 
available choices at every stage of the game, and the intersection: 


WHY f] B(B n ) / 0. 

77 .— 1 


We end this section by proving Corollaries 11.61 and 11.41 assuming Theorem 11,31 


Proof of Corollary \l.f \ and Theorem ] 1 .'A Recall that for every t E [0,1] we have defined 

T(t) = {v e S : <j>’ v (t) ^ 0}. 

Let 

D := jt € [0, 1 ] : #T(t) R + 2(#T(t) c ) < |}. 

First, we will assume that D = 0 and 4> is injective. Then by Proposition ^. 31 <(>([0,1]) is 'HA'-diffuse. 
So by Theorem 11.31 and Proposition 14.111 BAa is T^A'-absolute winning on </>([0,1]). 

Let a, 6 , c be defined as in the proof of Proposition 13.31 and let 0 < (5 < - be sufficiently 

small such that <^([0,1]) is ^ 'TLk 1 -diffuse for /3' = /3 ■ min11, In particular, BAa' 

is CHk, /3 1 )-absolute winning on ^>([0,1]). Let o : <^([0,1]) x M>o —>• Hk x ^>0 be a positional 
winning strategy (see Remark 14.131 aboveL Consider the ifH, ^)-absolute game on [0,1] with B = 
{{t} : 0 < t < 1}, and let B n = (t n , r n ) € [0,1] x M>o be Bob’s arbitrary move. It suffices to assume 
that r n bVd < p^y 

For every t n < t < t n + r n , the arc length of <f([t n , t]) is: 

l((f([t n ,t])) <(t- t n )bVd < r n bVd. 

That implies: 

<f)(B(B n )) C B (j>(t n ),r n bVdj . 

Let 

K = (ej)(t n ),r n b\ftj and A' n = a(B' n ) = (£ n ,p' n ). 

By the Mean Value Theorem, C n intersects ^([0,1]) at at most 1 point. If 

^- 1 (£Wn#,i]))nB(B n ) = 0 
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then Alice can make an arbitrary move A n in the (TL, /3)-absolute game on [0,1]. If £ n nB (B n ) ^ 0 , 
then let A n = (c f>~ 1 (C n n B(B n )), /3r n ), otherwise, let A n = (</> _ 1 (x), f3r n ) for arbitrary x G C\ 
B ( B 'n) n <H[°> !])• So for any y G n B (B' n ) n (/)([ 0,1]), 

| c(A n ) - <?i _1 (y)| < — |K £ ±(y - cj)(c(A n )))\\ < —2/3'r n bVd < f3r n . 
ac ac 

It shows that: 

0(B(4,)) 2 tffi* n B(B' n ) n 0([o, i]). 

Moreover, since ft < ft 


||<MWi) - 4>{tn )II < (1 - (3)r n bVd < (1 - ft)r n bftd. 


So the sequence B' n , a(B' n ), B' n+1 , a(B ' n+1 ),... satisfies the conditions (H1)-(H5) of the (' Hr,/3')- 
absolute game on ^([0,1]). Therefore, 



B (B r 


n= 1 


c f| B (B' n ) n 0 ([O, l]) c ba k n </>([o, 1 ]). 

n= 1 


Hence, (j)^ 1 (BAk) is absolute winning on [0,1]. 

In the second case when D = 0 and (j) is not injective, by the Constant Rank Theorem, we can 
cover the interval [0,1] so that (j) is injective on each subinterval. Applying the first case, we have 
that 0 ([ 0 , 1 ]) is 77/^-diffuse and (j)^ 1 (BAk) is absolute winning. 

Finally, when D ft 0, then by the previous case, for every n > 1: 


+ n[o,iA 

n n J J 

is absolute winning on [ 0 , 1 ]. 

Since 

D = \t G [0, 1] : #T(t) R + 2(#T(t) c ) < = |J f| {ft v )~\o), 

^ ' TCS v£T 

#T R +2(#T c )>f 

D is closed, and hence, 

OO 

f 1 (BA K )Uh= n W n . 

n= 1 

Applying Proposition 14.91 iji _ 1 (BAx) U D is absolute winning on [0,1]. Thus, by Proposition 14.101 
0 - 1 (BA/f) is absolute winning on [ 0 , 1 ]. 

□ 


W n := fHBAjf) U (J 


Remark 4.14. The corollary still holds with [0,1] replaced by M. 

Proof of Corollary \1.6\ and Theorem ] 1. 1[ Let I\ be an imaginary quadratic field and Y be the 
support of an Ahlfors regular measure. Consider McMullen’s absolute game on C where 77 = 
{{x} : x G C}. Since BA^ is absolute winning by Corollary II.51 and Y is 77-diffuse by Example 13.21 
it follows from Proposition 14.111 that, BA^ is absolute winning on Y. Thus, BAjf HP is winning 
for the Schmidt game playing on Y by Proposition 14.81 □ 
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5. Proof of Theorem 11.31 

One of the key ingredients to show the winning property has traditionally been the Simplex 
Lemma, see [BFK+ 12] and references therein. The next statement (Lemma 15.111 can be thought 
of as a number field analogue of the Simplex Lemma. Together with an estimate of the growth of 
the height function with respect to the flow (^A x as x varies in Lemma 15.21 it implies Lemma 15.31 
which is a more refined version of the Simplex Lemma. 

Lemma 5.1 f [EGL13l Lemma 4.1]). Let u £ G, and z = uts(^j,z' = where p,p' £ O, 

q,q' £ 0 \ {0}. //H(z)H(z') < 2~ d , then ~ q = ^- 

For completeness, we will provide a proof of Lemma 15.11 here, which is the same as the proof 
in [ EGLlS] with a minor correction on the constant. 


Proof. Let P = is 


/p p 

K q q 

H(det(uP)) = H(det(P)) 

= H (is{pq' - p'q)) 
= \N(pq' -p'q )| 

On the other hand, 

H(det(uP)) = H (det(^ < 


/ | £ M 2 p{Ks), then the height of the determinant of uP is: 

(since u £ SL 2 (A’s)) 


(since pq' — p'q € O) 


= H(ziz ' 2 — z' 1 z 2 ) 

= n\{ z i)v(z' 2 ) v - {z[) v (z 2 ) l 


veS 


< 


(2max{|(zi) t) |, |(z 2 )„|} • max{|(z' 1 )„|, |(z 2 )„|}) f 


veS 

-id i 


= 2 d H(z)H(z) < 1. 

Thus, | N(pq' — p'q)\ = 0 and pq' = p'q, since \N(pq' — p’q )| £ N. 


□ 


Lemma 5.2. Let x, y £ K$ such that ||x — y || < p. Then for any p £ O, q £ O \ {0} and for any 
t > 0, 


1 + e 


21 Pp h(s 


Proof. 


H gtUyiS 


(JtMxi-S 


H g t u x is 


n 

veS 


9i“y is (g)) - ■ 1 + '-A'f K (.7y'.'x'S'(]]) ]) 


n 

v£S 


< H 


max{e t \t v {q)\,e t \i v (q)y v + i v (p )|} c 
max{e _t |t„(g)|, e t \i v (q)x v + i v (p)\Y 

Vv 


max< e t ,e t 


max< e 


O t £>t 


%V H - 
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< 


n 

vGS 


max< e , e* \y v — x v \ + 


T'i’ [ i) 


P 


K 


n 

veS 


rnax<! e t ,e t [p + 


X V “{- i'l 


. , P 

%V + ty I 


p 


max< e t ,e t 


%V H - I'l 


< 1 ] (l + e 2t p) dv 

vGS 

= (1 + e 2t P ) d . 

The reverse inequality is obtained by symmetry. □ 

Lemma 5.3. Let B = B(y, p). Let t > 0 and £ = 2~ d (l + 2e 2t p)~ d . If there exists p E O, 
q £ O y {0} and x S B such that 


H 


(gtu^Ls ^ 


< e, 


V P 

then for every p' E O, g'eOxjO) with — / and for every x' G B. 

q q 

V 


H( g t u x a s ( j ) ) > 1. 


P P 

Proof. Assume by contradiction that there exists x' £ B, p t O, q € O \ { 0 }, - / —, such that 

q qf 

p'" " 


H( g t u x u s [ ) ) < 1. 


Then by Lemma 15.21 

< H (g t u x as ^ • (l+ e 2 t ||x-x'||) d < (l + 2 e 2t p) d 


That implies 


H 


gtu x csQ^j ■ H^g t u x t, s fq,)) <£■(! + 2e 2t p) d = 2 d , 


contradicting Lemma 15.11 □ 

Let f{t) be a function of t. Denote the forward derivative of / at t to be: 

(5.D 

dt h->o+ h 

then for any x € Ks, p € O, q £ O \ {0}, — H (gtu x is ^ exists for every t > 0. Note 

. d fv\\ ... .. . „ ... 


that the two-sided derivative — H ygtu x is J will fad to exist at the time t for which e = 
e t \i v (q)x v + i v {p) | for some uGS. 


Moreover, if we denote 


T x>t = < v G S : 


X]] T G 




< e 


-2t 


(5.2) 















16 


DMITRY KLEINBOCK AND TUE LY 


then 


— log H ( g t u x L S 


d ' ( 

— log max{e~ t \i v (q)\, e t \t v (q)x v + t v (p)\Y 


vGS 


_^ ^ T 

Y,d v - logmax{e^| t v (q)\,e t \i v (q)x v + i v (p) |} 


vGS 


it ( log 


vGS 


: max< e t ,e t 


d 


T, d -J t ‘°K 


%v T 


, i P 
%v T ( 


P 


+ logM<?)| (5.3) 


veS^T Xi t 

= Y d v ~ y d v 

v(E.S\Tx.,t vE.Tx,t 

This gives us a trivial bound of the forward derivatives: 


, d . 

+ ^ d <-dt iog 


~t 


v£T, 


x,t 


d + 

— log H ( gtu x Ls 


< d. 


(5.4) 


Remark 5.4. It also follows from (15.311 that 


#(2x,i)r + 2 • #(7x^) c < 


if and only if 


log H fgt,u x L S ( ) ) > 0. 


From this remark, we can deduce that every subspace of T~Lk defined in (11.71) does not contain 
any badly approximate 5-numbers: 


Proposition 5.5. For any L € T~Lk, 


C n BA/c = 0 


P 


Proof. Let y € C = £(x, T) € PLk be arbitrary, and let p,q € O such that x = ls - • Since for 

\Q, 

every bET, 

y v ~ Lv (^q) = |y„ - x ^l = 0, 

we have that for every t > 0 , 

In particular, 

So by Remark 15.41 for every t > 0, 


T C T y , t . 


#(-^y>*)]R + ^ ' #(^y,*)c > 2' 


j t logH( g t u y L S [^ ) ) < -1. 


P 


That implies 


Thus, y BA/<-. 


lim H g t u y is 
£—>•00 


P 


= 0 . 


□ 
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Moreover, the forward derivatives provide us another criterion for an x E K$ to be badly ap¬ 
proximate, which will be used in the proof of Theorem 11.31 

Lemma 5.6. x E BA^ if and only if there exists e > 0, c > 0, and a sequence 0 < t\ < t 2 < ... 
with lim t n = oo and t n + 1 — t n < c such that for every p,q E O, (p , q) / (0, 0), 

n—± oo 


either H g tn u x i S 


> e or 


dt 


l°gH gt n u x i s 


> 0 . 


(5.5) 


Proof. If x E BA/o let £ = inf{<5#((ftA :r ) : t > 0}; it is positive by Proposition 12.61 Then clearly e 
satisfies (15.511 for every sequence t n . For the converse, since H ( 
every p,q E O with (p, q) ^ (0,0) and for every t > 0: 




H \gtu x is 

Hence, x E BA/^. 


> min <j e dtl ,inf(ee d ^ tn + 1 ^ 

n> 1\ 


9()U x t-S [ f | | > 1 and by d5T4|) , for 

} 


^ |> > min | 


e ~ dtl , ee~ dc 


> 0. 


□ 


We end this section with the proof of Theorem 1 1.31 As usual, we will provide a strategy for Alice, 
and show that it is indeed a winning strategy for BA^. 

Proof of Theorem II..A We remark that since I\s is a real Banach space, (x,r) and ( C,p ) are 
uniquely defined by B(x, r) and respectively. So to ease the notation, we will identify B n 
and A n with the corresponding sets, and use B n and A n for this identification in this proof. 

Fix /3 > 0, and let B n = B(x„,/ 9 n ) be Bob’s arbitrary n th move. Without loss of generality, 
assume that p\ < 1 and p n —>• 0. Let 


t n = log^n), 


and let 


Then 


e = 2 


-d 


1 + 




-d 


tn+1 <t n + 7} l0g (^ ) SillCe Pn+l > PPn 


(5.6) 

(5.7) 

(5.8) 


If at n th stage of the game, dnigtn A x ) > £ for every x E B„, then Alice can make arbitrary move. 
Otherwise, let x E B n , p n E O, q n E O \ {0} such that: 


H g tn u x L S 


Pn 

Qn 


< £, 


then by Lemma 15.31 and Remark 15.41 Alice only has to worry about those subspaces in TLk passing 


through is 
For her 
through is 


(f> 

For her n th move, Alice will pick the (/3p n )-neighborhood of all the subspaces in PLk passing 


(s> 


A„ = 


U . /HfW 


(PPn) 


(5.9) 


#T R +2(#T C )> 2 
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Since f3p n = e 2tn , it follows from (15.31) and Remark 15.41 that, for every x E B n \ A n and for every 
P,qCO, (p,q) (0,0): 

either H (gt n u^s ( P ^j ) > e or logH (g tn u x t s (^ I I > 0. 


So Xqo = Pi B n satisfies the conditions of Lemma 15.61 and hence, Xoo E BAa. Thus, by Proposi- 


71=1 


tion 14.121 BAx is "HA'-absolute winning. 


□ 


Appendix A. Hattori’s approach to badly approximable S’-numbers 
Hattori }Hat07] proved the following version of Dirichlet’s Theorem: 


Theorem A.l ( |Hat071 Theorem 1, 2]). If K be a real quadratic or totally complex quartic number 
field, then there is a constant C = Ck > 0 depending only on K such that for every x E Kg^is(K), 
there are infinitely many p E O, q E O \ {0} satisfying: 


x + OS 


P 


< IM?)!! -2 . 


Hence, we say that x E Kg \ tg(K) badly approximable in Hattori’s sense if there exists c > 0 
such that for every p E O, q E O \ W, 


x + iS 


P 


or equivalently, 


inf i iMooir 


X + LS 


P 


> C IM?)II 2 , 


: p, q E O, q 0 > > 0. 


(A.l) 


The set of S'-numbers badly approximable in Hattori’s sense is denoted by BA) 


K- 


Proposition A.2. Let K be a real quadratic (d = 2 = ffS) or totally complex quartic (d = 4 = 
2 ffS) number field; then BAa = BA^. 

Proof. Recall that x E BAa if and only if (11.41) holds. Then clearly BAa C BA' a -, since: 


\\ts{q) ■ x + Ls(p)|| = max| t v {q)x v + t v (p)\ = max 
vGS vgS 


R ((/) ( X v 1;: ( 


< max|q,((/)| • max 
v£S VGS 


X v T iv 


P 


HMtfll- 


x + is 


p 


For the converse, first by using Lemma 12.51 for every p £ 0,q £ O \ {0}, there exists a unit 
(EO x such that: 


\N(q)\- max 
v£S 


, , P 

%V “1“ by I 


> C d |M£<?)|| -max 
ves 


, I P 
%V H - ( 


=c- d iM^ir 


i / & 

Xv T tv I ^ 


In particular, if x E BAa then 


inf < |A(g)| • max 

ve S 


. , P 

Xv T iv I 


: p, q E O, q 0 > > 0. 


(A.2) 


Hence, it suffices to show that if x E Kg \ tg(K) satisfying (IA.2D . then x E BAa- 








































BADLY APPROXIMABLE S-NUMBERS AND ABSOLUTE SCHMIDT GAMES 


19 


Unwrapping Proposition 12.61 we see that x E BA/f if and only if 


inf< max{ |e t i v (q )|, \e t (i v (q)x v + t v (p ))|} d " : (p,q) eO 2 \(0,0),t>0 > 0. (A.3) 

UeS J 

When q = 0,p ^ 0, 

JJ max{|e _t t,,(g)|, \e t (t v (q)x v + i v (p))\} dv = JJ|e t t u (p)| d ’' > \N(p)\ > 1. 
ves veS 

So it suffices to consider the case when q ^ 0 and the product in the left hand side of the above 
formula is < 1. In that case, 


JJmax{|e h v (q)\,\e t (i v (q)x v + i„(p))|} v = |IV(g)| JJ maxj e t ,e t 
ves ves 

Since #S = 2 and the d v ’s are both l’s or both 2’s, 


X v T Li 


inf< max<J e t ,e t 


v£S 


X v -{- Li 


: t > 0 > = max 

1 ves 


x v + l-i 


Combining (IA.5I) and (IA.4I) . we have the equivalence of (1A.3|) and (1A.2I) . 


(A.4) 


(A.5) 


□ 


Remark A.3. Combining the proof of Proposition IA.2I with Theorem 12.31 gives us another proof 
of Theorem IA.1I of Hattori. 

Appendix B. Proofs of properties of absolute winning sets 

Since our definitions are slightly different from those found in |Sch 66 L BFK + 12], we provide the 
proofs of basic properties of 'H-absolute winning sets in this appendix for completeness. 


B.l. Proof of Lemma 14.71 Let 0 < ft < 


P 


2 + p 


, and let a a be an (7-L, /?” )-absolute positional 


winning strategy for Alice for some 0 < /3” < j3 . Since Y is ^-diffuse, Lemma 13.41 will guarantee 
that if Alice is using the a a strategy in an (T~L,P )-absolute game on Y, Bob will always have 
eligible moves, and the game will last infinitely. And hence, it is a winning strategy for Alice in 
the pH , /^-absolute game. □ 

R R 

B.2. Proof of Proposition 14.84 Let 0 < a < rJ and 0 < j3' < 1, and denote 7 = a ft' < 


2 + p 2 + P 

By Lemma 14.71 W is pH, 7 )-absolute winning. Let a a-Yx M>o — > Hxl >() be a positional pH, 7 )- 
absolute winning strategy for Alice. With Remark 14.61 and Lemma [3.41 for any B n with sufficiently 
small radius, if we denote c7 a{B u ) = ( C n , p n ), Alice can pick a ball A n A B n such that: 

r(A n ) = ar(B n ) and dist(c(A„), C n ) > 2ar(B n ). 

Then for any B n+ \ A A n with 

r(B n+ 1 ) = P'r{A n ) = /3'ar(B n ) = 7 r(B n ), 


B n+ 1 satisfies (H4) 


dist(c(R n+ i), C n ) > dist(c(A n ), C n ) - a(l - P')r(B n ) > 27 r(B n ) > r(B n+1 ) + p n . 


Therefore, the infinite sequence B\, ga{Bi), B 2 ,cta(B 2 ), ... satisfies (HI) (H5) for the pH, 7 )-absolute 
game. That implies: 


WHYn f] B (B n ) ^25. 


n =1 
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Thus, W n Y is 


P . ■ 

--winning. 


□ 


B.3. Proof of Proposition 14.91 We follow the proof of the countable intersection property of 
Schmidt games (Sch 66 l. Theorem 2]. By part (i) of Lemma 021 it suffices to assume that W\, W 2 ,... 


be a countable collection of sets that are (7~L, 7 )-absolute winning on Y with 7 


P 

2 + /T 


For 


i = 1 , 2 ,..., let < 7 j : LxM >0 ’HxM >0 be a positional (7i, y 2 )-absolute winning strategy for Alice 

with the target set W*. 

Let B\ = (x,p) € Yx M>o be Bob’s arbitrary first move. By Remark 14.61 and Lemma 13.41 Bob 
always has legitimate moves regardless of Alice’s choices following the rules of the (H, 7 )-absolute 
game. 

We define Alice’s new strategy a to be: 


B 2 i - i + ( n - 1)2*) — !+(?!—1)2*) f° r n ~ 1,2,3,... 

It is easy to check that for i = 1,2,..., the sequence 


B'i = B 2 i- 1 , 

Ai = cr(Bi , B 2 ,..., B 2 i - 1 ) = <Ji(B 2 i~i) 

B 2 = B 2 i—l_i_ 2 i 

A 2 = B 2 , ..., B 2 i-l_|_2 i ) = &i{B 2»- 1 +2 i ) 


— -®2 i— Wfn—1)2* 

= ^(^l, &2, ..., ^2 i - 1 +(n-l)2 i ) = ^ (^2 i “ 1 + (n-l)2 i ) 


satisfies (H1)||(H5) for (H, y 2 )-absolute game, and hence 

W* n Y n ( f| B ( B »)) = w,nYn f| B(B 2 ,_ 1 +(n—1)2* ) ~f~ 0 - 

\n=l / n=l 

Since r(B n ) —> 0, the unique intersection point of B(L? n )’s must belongs to all W\ s. Thus, 



nrn 





00 

and O W{ is %-absolute winning. Note that the strategy a is not a positional winning strategy. □ 
i= 1 


B.4. Proof of Proposition 14.101 Let Z = {zi, z 2 . ...}, and denote W n = W \ {zi, ..., z n }. Since 

Z C W n (CnY), for every i = 1,2,.. and for every pi > 0, there exists £* € T~L such that 
CeH 

Zi € c\ Px \ If we let Ai = (£i,pi) for 1 < i < n, and for i > n, Ai follow a positional winning 
strategy for Alice in the ^-absolute game on Y with the target set W. then 

OO 

w n n y n p| B(B n ) / 0. 

71—1 
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Note that by diffuseness, Bob always has eligible moves. So, W n is %-absolute winning on Y for 
all n = 1, 2,... Therefore, by Proposition 14.91 


w \ Z = f| w n 


n —1 


is "H-absolute winning on Y. 


□ 


B.5. Proof of Proposition 14.121 (i) => (ii): Since Ti C Ti* N , every choice in (Ti,/3 )-absolute 
game is available in the (Ti* N , /3)-absolute game. So Alice can apply her (Ti, /3)-absolute winning 
strategy in the (Ti* N ,j3)- game. 

For the converse, assume that Y is (Ti, /?)-diffuse and consider the (Ti, 7 )-absolute game, where 


7 = 


P 


Let a : Y x R>q —> Ti* N x M>o be a positional winning strategy for Alice in the 


2 + f3 


(' H* N , 7 ^)-absolute game on Y. For k = 0,1, ..., consider Bob’s (kN + l) th move B^n+i and let 

&(BkN+l) = (C-k, l U ... U Ck,N , Pk)- 
Then for 1 < i < N, at (kN + z) th move, Alice chooses 

AkN+i — (f~'k,ii Pk) • 


It is easy to check that Alice’s choices satisfies (H2), and by Lemma 13.41 Bob can always make a 
move. To see that this is a winning strategy for (%, 7 )-game, we view the following sequence: 

B( = Bi,A[ = a(Bi),B' 2 = Bn+i,A' 2 = ct (5 jv + i ), B' 3 = B 2 n+i,A' 3 = a(B 2 N+i), ■■■ 


as a play in the (Ti* ,7 )-absolute game on Y. It can be verified that this sequence satisfies (HI) 
(H5), and since a is a (T~i* N , q^-absolute winning strategy, 


w n y n f) B(B n ) = w n y n n b < b ») ^ 


0 . 


n=1 


n =1 


Thus, W is "H-absolute winning on Y. 


□ 
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